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All questions may be attempted but only marks obtained on the best four solutions will

count.
The use of an electronic calculator is not permitted in this examination.

1. Let t be a number greater than 1. Define a sequence inductively by

Tog =
Tn

t
Tny1 = ?'FE, fOI‘Tl?O.
Show that z, > v/t for every n.
Show that the sequence converges, and find the limit (as a function of t).

Use z3 (with an appropriate value of t) to find a rational approximation to v/5.

2. What does it mean for a sequence to be Cauchy?
State and prove Cauchy’s General Principle of Convergence.

Show that an absolutely convergent series converges.

3. Show that the following series converge.
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[You may assume standard convergence tests provided that you state them clearly.]
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4. Use the series definition of e* to show that for0 < z < 1

1
1=-2

1 n 1 n+1
sn=<1+—) andtn=(1+-—) :
n n

a) Show that for each n

l1+z<e <

For n > 1 define

Sp S e tn:

b) What happens to the sequence (iﬁ) as n — oo?

c) Deduce that s, — e as n — oo.

5. For the purposes of this question you may assume that

logz <z—-1 forevery z > 0. (1)

State and prove the AM/GM inequality.
Use (1) to prove that
1
logz 21— - for every z > 0.

Show that if (z;) is a sequence of positive numbers satisfying
then

6. What does it mean to say that a real function defined on an interval is uniformly
continuous?

Prove that a continuous function on a closed bounded interval [a,b] is uniformly
continuous.

Show that a uniformly continuous function on the open interval (0, 1) is automati-
cally bounded.
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